A generalization of the Euler class in algebraic K-theory is given. Such a construction is applied to r-Spin moduli to produce the Witten top Chern class directly in K-theory. In cohomology such a class agrees with the one defined by Polishchuk and Vaintrob in [PV].
Introduction
Witten conjectured ( [Wi] ) and Kontsevich proved ( [Ko] ) that the coupling constants τ d 1 , . . . , τ dn g = 
for the Deligne-Mumford compactification of the moduli stack M g,n assemble into a tau-function for the KdV hierarchy. Such a conjecture was generalized by Witten in [Wi r ] towards the computation of tau-functions for the KdV r hierarchies (for r integer and ≥ 2). The moduli stack M g,n is replaced as follows. Let k k k = (k 1 , k 2 , . . . , k n ) be integers ranging from 0 to r − 1 and making the degree 2g − 2 − k i divisible by r. Then the moduli stack M r,k k k g,n classifies the following triples (smooth stable r-Spin curves):
where (C; x i , . . . , x n ) is a smooth stable curve, L is a line bundle over C and ϕ is an isomorphism of line bundles.
In order to state the conjecture one needs an analogueM r,k k k g,n of the DeligneMumford compactification (developed in [Ja] and in [A-J] ) and also a definition for the new coupling constants (1). To this end Witten proposed in [Wi r ] the following cohomology class. Let π : C → X be a family of stable smooth curves with n sections σ 1 , . . . , σ n , L a line bundle over C and ϕ an isomorphism L r ϕ
Suppose that π * L vanishes:
then R 1 π * L = V is a vector bundle. Therefore, where (2) is verified, we can define the following cohomology classes:
Since in general R 1 π * L is not a vector bundle this definition does not make sense over the whole moduli stackM r,k k k g,n . The problem arises not only at the "boundary points", but also over the smooth locus. In [Wi r ] Witten proposed an analytic index-theoretic construction (Witten' 
s top Chern class).
It is not clear how to apply this to the "boundary points". In [PV] Polishchuk and Vaintrob provided an algebro-geometric counterpart. Their construction applies to the "boundary points" and has been shown in [Po] to verify a set of axioms developed in [JKV] . To do this Polishchuk and Vaintrob generalize MacPherson's graph construction for the case of 2-periodic (unbounded) complexes. This leads to a localized Chern character in the bivariant Chow groups and then to the suitable class concentrated in degree −χ(L).
In this paper we start from the same data as in Polishchuk-Vaintrob, but follow a different approach. Note that our approach is also alluded to in [Po] (Remark in Section 2. pg.4). A K-class is defined adapting the definition of top Chern class in algebraic K-theory
We obtain the K-Euler class of a length 2 complex
where C • is a complex representing Rπ ! (L). The crucial ingredient is a form a : C 1 ⊗ S r−1 C 0 → O X given by Serre duality on the r-Spin structure. The cohomological counterpart
gives again the Witten top Chern class. This approach short-circuits MacPherson's graph construction for localized Chern characters. Indeed not only is the Witten top Chern Class defined directly in the Chow rings, but also as K-class in algebraic K-theory. In this way we have a more direct interpretation of Witten's class as a top Chern class. Furthermore the K-Euler class is immediately well-defined up to quasiisomorphisms of the complex C
• . I hope that, in this way, the link to Witten's analytical construction will become more transparent. It is also worth mentioning that the form a gives rise to a Koszul differential studied systematically in M. L. Green's Koszul cohomology ( [Gr KC ] ). This connection may lead to a more accurate interpretation of the role of a in the definition of Ke(C • , a). The paper is organized as follows. In Section 2 we define the K-Euler class and in Section 3 we apply the construction to r-Spin curves and show the compatibility with Polishchuk-Vaintrob. In the last section some examples are given in order to show how, in some well known special cases, the coupling constants
match Witten's predictions.
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Notation
Before closing the Introduction we would like to fix some notation. For a complex of length 2 of vector bundles
we have the following symmetric complex
The differentiald is defined by means of the following wedge and symmetric product maps
This allows us to defined by composingw ⊗ id, id ⊗ď ⊗ id and id ⊗ s:
For any map f from the complex A • to B
• we denote by S l (f ) the map
i.e. the datum of all the maps
We refer to [De] for the main properties, below we shall use the following fact that guarantees that taking symmetric powers is a well-defined functor (in characteristic 0) up to homotopy. 
Let h be an homotopy
where
The K-Euler class
We work up to homotopy with complexes of two vector bundles respectively of rank n 0 and n 1
For each point x in X we denote by C Definition 2.1 For m ≥ 1 and r = m + 1, let a be a form
then a is closed if -as a section of the vector bundle
Furthermore a is non-degenerate when for all the points x ∈ X the image of the map:
, induced by the form a, is a base-point free linear system.
With such (C
• , a) one can define the bigraded group:
and the differentials:
respectively of bidegree (−1, 1) and (1, m) and induced by d and a. The differentiald is defined as above over all the bundles
The differentialã is defined as follows. We need the following wedge and symmetric products:
This allows us to defineã as the following composition of id ⊗ǎ ⊗ id with w ⊗ s:
We see thatd andã anti-commute:
as a consequence of the fact that a is closed (i.e.d •ǎ = 0).
Out of this one makes the following double complex:
With horizontal and vertical differentials:
The following picture might clarify where the double complex vanishes:
u t o f t h i s s t r i p
Note that we have m similar complexes (redefine K
The condition of non-degeneracy on a implies -as we shall prove hereafter-that the cohomology of the total complexes:
is bounded for all i. For brevity we discuss only K
•,• 0 , the remaining ones being analogous.
Theorem 2.2 Let (C
• , a) be a complex as above:
Then the total complex (K • , D):
Proof The spectral sequence
abuts to the cohomology of (K • , D). Therefore it is enough to show boundedness for E p,q 2 . We show that for q > N, for an explicit constant N independent of p and q, the sheaves E p,q 2 vanish. In fact we shall check vanishing after base change to x ∈ X, for all points x of the base X. We denote by K
•,•
x the double complex obtained after such a base change. We have
Green ("A proof of the explicit Noether-Lefschetz theorem" [Gr] ) considers a base-point free linear subspace W ⊆ H 0 (X, O(m)) of codimension c over a projective space X and shows that
is exact for w > v + m + c. Let X be PH 0 x and let W be the image of
Theorem 2 of [Gr] applies because a is non-degenerate, and (6) is exact for
Therefore for q > N and N = n 1 + n 0 −1+m m the sequence (6) is exact. In fact the exactness of (6) implies the exactness of (5). Namely, after base change to x ∈ X, H 1 x splits as
where V is the kernel of (7). The cohomology of (5) 
x is the total cohomology at i + j = v of the following double complex
with vertical differential (i = i 0 ) as in (6) and vanishing horizontal differential (j = j 0 ). For q > N we have w > v + m + c. Therefore, for any i, j such
Now we shall consider again the bigraded group
Definition 2.3 Let (C • , a) be a complex of two vector bundles and a closed and non-degenerate form a:
then the K-Euler class of (C • , a) is defined as:
Theorem 2.2 guarantees that Ke(C • , a) is a well defined element in the Grothendieck group G(X) of coherent sheaves on X. Indeed one can show that it can always be expressed as a finite sum of vector bundles.
Proposition 2.4 The K-Euler class of (C
• , a) is a class in the Grothendieck group K(X) of locally free sheaves on X.
Proof We deal with K • 0 ; the other cases are similar:
We are looking at the complex
. Therefore the rank of ker(D n 0 ) is constant (upper and lower semi-continuous) and ker(D n 0 ) is a vector bundle as required.
Invariance up to homotopy of a. We first want to show that the K-Euler class of (C • , a) does not change if we replace a by a form a ′ inducing the same class in
x for any x in X. This amounts to show the following property.
Proposition 2.5 Let C
• be a complex of length 2 and a and a ′ two closed and non-degenerate forms. Let h be a form
in the following diagram:
Then we have:
Proof For any i = 0, . . . , m we want to set a quasi-isomorphism between the complex K
• i with differential D =d +ã and the same complex K
We define a morphism between these two total complexes. We recall that K p,q i is defined as Λ q−p C 1 ⊗ S p+mq+i C 0 . Indeed h allows us to define a maphh
as the following composition
The sum ϕ = id K •,• +h is a morphism between the two total complexes. Indeed we have
as a consequence of the three following relations:
where the first follows fromã
, the second is condition (8) in terms ofh,ã andd and finally the last is trivial.
Indeed ϕ is clearly invertible and sets an automorphism for all the vector bundles K n i and therefore descends to a quasi-isomorphism between the two total complexes.
Invariance up to quasi-isomorphism of the complex C
• . We now want to show that the K-Euler class does not change if we replace C
• by a quasiisomorphic complex.
Proposition 2.6 Let A
• and B
• be complexes of length 2 with differentials d and δ respectively. Let
be a quasi-isomorphism (of vector bundles). Let a and b be closed and nondegenerate forms, respectively for A • and for B • , verifying the following relation:ǎ
= S r (f ) •b.(12)
Then the respective K-Euler classes match:
Proof The spectral sequences
associated to the double complexes K
•,• i
obtained from (A • , a) and (B • , b) are given by filtered graded vector bundles with the following bounded filtration:
Consider the map S rq+i (f ):
Such a map commutes withδ andd and also commutes withb andã as a consequence of (12). We denote it by ϕ. We notice that ϕ is a morphism of graded vector bundles that commutes with the total differentials and respects the filtration. Therefore it is a morphism of filtered graded vector bundles and induces natural morphisms of bigraded vector bundles ϕ n :
Note that ϕ 1 is an isomorphism after base change to x ∈ X as a consequence of the argument of the proof of Theorem 2.2. Thanks to Theorem 3.5 of [McC] we obtain the isomorphism between the cohomology sheaves. This implies the identity between the K-Euler classes by definition.
Proposition 2.5 and Proposition 2.6 imply that the K-Euler class only depends on the K-class of C
• and on a choice of a non-degenerate form in each group H Definition 2.7 Let (C • , a) be a complex with a form, then the top Chern class of (C • , a) is defined directly in the Chow ring as:
.
The Witten top Chern class
For r ≥ 2, letM r,k k k g,n be the moduli stack of stable r-Spin curves defined in [Ja] and [A-J] . The objects of the stack are sheaves L over a family of semi-stable curves π : C → X with a non-zero homomorphism 
Since γ is non-zero the map H 
We conclude that a is a closed and non-degenerate form. Indeed the property (13) above guarantees that the image of PH 1 under the induced mapping
is a linear system without base-points on the m-th Veronese embedding:
Definition 3.1 The Witten top Chern class c r g,n is defined as:
Thanks to Proposition 2.5 and Proposition 2.6 this definition only depends on the K-theoretical push-forward Rπ ! (L) and on the map γ inducing via Serre duality the form a.
Compatibility with Polishchuk-Vaintrob
The cohomology class c top (C • , a) agrees with the r-Spin virtual class c(L, γ) defined by Polishchuk and Vaintrob for a family of r-Spin structures (L, γ) and a non-zero homomorphism γ : L r ֒→ ω C /X . The Witten top Chern class c(L, γ) is defined in [PV] as follows. Let L be a sheaf over the family of semi-stable curves C → X. Let us take
and express the form a as:
Out of d and τ we define respectively two sections δ and ϕ of p * C 1 and of p * C 1 :
Let P h be the vector bundle Λ h p * C 1 . Then we use δ to define a decreasing differential mapping from P h+1 to P h as follows. We need the following wedge product map:
Then we write δ as a map of vector bundles
and we obtain the decreasing differential as the following composition:
Analogously we use ϕ to define an increasing differential P h → P h+1 as follows. This time we use the following wedge product map of vector bundles
we write ϕ as a map of vector bundles
and we define the increasing differential as the following composition:
Let P • be the 2-periodic complex
where p is the projection of C 0 to X, and the bundles P ev and P odd are respectively h Λ 2h p * C 1 and h Λ 2h+1 p * C 1 . The differential of P • is induced by the sum of the two increasing and decreasing differentials previously defined. Now P • is exact off the zero section Z ∼ = X of C 0 as a consequence of the non-degeneracy condition of the form a. In [PV] MacPherson's graph construction ( [Fu] ,18.1 and [BFP] ) is applied to a 2-periodic complex of vector bundles. To this effect the exactness condition is strengthened: we require that P
• is exact on all the fibres over the points lying outside the zero section of C 0 (according to the definition of [PV] we shall say that P • is strictly exact). This is also a consequence of the non-degeneracy of the form a. The localized Chern character is therefore defined for P
• in the bivariant Chow ring A(X → C 0 ). The class c(L, γ) is defined as:
We have the following equivalence of categories. Let V be the total space of a vector bundle over X = Spec A. Alternatively let us consider the Amodule V inducing V:
Let p be the projection from the vector bundle V onto X and i the embedding of X to the zero section. We have a correspondence
between coherent sheaves over V and quasi-coherent sheaves over X. Indeed any sheaf of O V -modules can be written as a S * ( V )-module, therefore -being V an A-module-we have a quasi coherent sheaf p * F over X.
In fact applying p * to a 2-periodic complex F • of sheaves over V one obtains a 2-periodic complex p * F
• of quasi-coherent sheaves over X. Furthermore the condition of strict exactness over F
• implies that the cohomology sheaves of p * F
• are coherent. We have the following equivalence of categories:
The functor F → p * F induces an equivalence between the category of 2-periodic complexes of coherent sheaves over V strictly exact outside i(X) and the category of 2-periodic complexes of quasi-coherent sheaves over X with coherent cohomology.
Theorem 3.2 Let L be a sheaf over the family of semi-stable curves C → X and γ a non-zero homomorphism
Then the following identity holds:
Proof We want to show that the 2-periodic complex defined from the bigraded complex L h,k is the image of P • via the functor p * . By GrothendieckRiemann-Roch for the natural inclusion i : X ֒→ V the equivalence of categories above implies the following in cohomology:
Lemma 3.3 Let us define L • as the following 2-periodic complex of quasicoherent sheaves over X:
where L ev and L odd are defined respectively as h,k L 2h,k and h,k L 2h+1,k .
The differentialsd andã induce respectively two differentials on L • . We shall consider the 2-periodic complex L
• with the sum of the two differentials. Then the functor p * identifies the 2-periodic complexes P
• and L • :
Proof We define L h as the sum k L h,k and we recall that P h was defined as Λ h p * C 1 . Notice that
is the following map of quasi-coherent sheaves over X:
and composing the mapsw ⊗ id, then with id ⊗ď ⊗ id and finally with id ⊗ s as follows:
On the other hand the differential induced by δ is by definition the following:
and coincides with the previous composition since the push-forward correspondence transforms the dual of δ:
Analogously the increasing differential
. This is shown as before. The only thing to check is that the push-forward correspondence transforms τ :
Therefore the sum of the two differentials descends to the sum of the differentials of the 2-periodic complex L
• .
This implies the required identity. Indeed -applying (14)-we obtain the following relation:
Remark 3.4 The identity with the class constructed by Polishchuk and Vaintrob guarantees that the class is concentrated in degree n 1 − n 0 and verifies the Vanishing Axiom and the Factorization Axiom proposed in [JKV] and recently proved by Polishchuk ([Po] ). Some of the proofs are more straightforward in this context. I show here how our construction applies to 2-Spin curves (i.e. ordinary Spin curves) and to r-Spin curves of genus 1.
Example 4.1 Let (C → X, L) be a family of ordinary Spin curves, where L is a theta-characteristic on each fibre and S is connected. We shall see that the Witten top Chern class has degree 0 and is equal to the parity of the family of Spin curves ((−1)
. It is enough to show this for a single Spin curve (C, L) over a point x. Here Rπ ! L is represented by two vector spaces:
and the differential d is zero. Then a is the perfect pairing induced by Serre duality
The bigraded vector bundles
have two diagonal differentialsd = 0 andã respectively of bidegree (−1, 1) and (1, 1). Omitting the differentialsd = 0 it looks like this: : :
where all the complexes on the diagonals
are exact unless l is zero, when the complex reduces to 0 → L h 1 ,0 → 0. Therefore Ke(C • , f ) = (−1) As is well known,M r 1,1 is the disjoint union of at least two components classifying respectively the non-trivial and the trivial roots of the canonical bundle.
The first component (non-trivial roots) coversM 1,1 with degree (r 2 −1)/r via the forgetful map ϕ (a rational number since we are looking at the map between the stacks). The integral -restricted to such a component-is 
